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Abstract 

Let be a class of groups. A chief factor H/K of a group G is called 'J -central in G provided 
(H/K) X {G/Cg{H/K)) g J. We write Z^gr(G) to denote the product of all normal subgroups of 
G whose G-chief factors of order divisible by at least one prime in tt are 9^-central. We call Z7r3^(G) 
the TrJ'-hypercentre of G. A subgroup C/ of a group G is called J-maximal in G provided that (a) 
?7 e J, and (b) if C/ <V<G and V G 3^, then U ~ V. In this paper we study the properties 
of the intersection of all ^-maximal subgroups of a finite group. In particular, we analyze the 
condition under which Ztts^^G) coincides with the intersection of all 9^-maximal subgroups of G. 



1 Introduction 



Throughout this paper, all groups are finite and G always denotes a finite group. Moreover p is 
always supposed to be a prime and tt is a non-empty subset of the set F of all primes. We use 
Stt (Sjt) to denote the class of all 7r-groups (of all soluble vr-groups, respectively). In particular, 9p 
denotes the class of all p-groups; and we put that S0 = §0 = (1) is the class of all identity groups. 
We also use N, U and § to denote the classes of all nilpotent groups, of all supersoluble groups and 
of all soluble groups, respectively. 
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Let 3" be a class of groups. A group G is said to be 3^-critical if G is not in 3" but all proper 
subgroups of G are in 3" [4, p. 517]. If 1 € 3", then we write G'^ to denote the intersection of all 
normal subgroups N oi G with G/N G 3". For any two classes 3" and X of groups, X3" is the class of 
groups G such that G^ G X. 

A formation is a class 3" of groups with the following properties: (i) Every homomorphic image 
of any group in 3" belongs to 3"; (ii) If ? / 0, then G/G^ G J for any group G. A formation 3" is 
said to be: saturated if G G 3" whenever G/^{G) G 3"; hereditary if H & 3' whenever H < G ^ 3'. 

For any formation function / : P — )> {formations of groups}, the symbol LF{f) denotes the 
collection of all groups G such that either G = 1 or G 7^ 1 and G/Gg{H / K) G f{p) for every chief 
factor H/K of G and every p G ■n{H/K). If 3" = LF(f) for some formation function /, then / is said 
to be a local definition or a local satellite (Shemetkov) of 3". Every non-empty saturated formation 
3" has a unique local satellite F with the following property: For any prime p, both F(p) C 3" and 
G G F{p) whenever G/Op{G) G -F(ij) (see [H IV, Proposition 3.8]). Such a satellite is called the 
canonical local satellite of 3". 

A chief factor of a group G is called 3'-central in G provided {H/K) x {G/Gg{H/K)) G 3". 

A normal subgroup of G is said to be ti'J -hypercentral in G if either = 1 or 7^ 1 and every chief 
factor of G below A^ of order divisible by at least one prime in tt is 3"-central in G. The symbol Z^y(G) 
denotes the ttS^ -hypercentre of G, that is, the product of all normal 7r3'-hypercentral subgroups of G. 
It is clear that for the 3"-hypercentre Zy{G) of G ( see ^ p. 389]) we have Zy{G) = Zpj(G). On the 
other limited case, when tt = {p}, Zp^{G) is the the product of all normal subgroups N oi G such 
that every chief factor of G below A^ of order divisible by p is 3'-central. 

A subgroup U of G is called 'J-maximal in G provided that (a) ?7 G 3", and (b) if [/ <V<G 
and y G 3", then U = V [4, p. 288]. We denote the intersection of all 3"-maximal subgroups of G 
by Int3^(G). In the paper [3j, Beidleman and Heineken characterized the subgroup Intj(G) in the 
case when G is soluble and 3" is a hereditary saturated formation. In this paper, as a development of 
some results in [12] and [13], we find some new properties and applications of the subgroup Intg-(G). 

Baer [1] proved that Intj^(G) coincides with the hypercentre Zoo(G) = ^j^(G) of G. Later, in 
[9], Sidorov proved that if 3" the class of all soluble groups G of nilpotent length 1{G) < r (r G N), 
then for each soluble group G, the equality ^^(G) = Int3r(G) holds. In the papers [l2] and [l3], the 
analogous results were obtained for the classes of all p-decomposable groups and of all groups G with 
G' < F(G) in the universe of all groups. As one of our results in this paper, we shall also prove that 
the intersection of all maximal p-nilpotent subgroups of G coincides with the subgroup Zpj^(G). But 
in general, ZT^s^iG) 7^ Intj(G), even when 3" is the class of all supersoluble (all p-super soluble, for 
any odd prime p) groups and G is soluble (see Theorem A and Remark 4.8 in Section 4). 

Definition 1.1. Let X be a non-empty class of groups and 3" = LF{F) be a saturated formation, 
where F is the canonical local satellite of 3". We say that 3" satisfies the n -boundary condition (the 
boundary condition if vr = P) in X if G G 3" whenever G G X and G is an F(p)-critical group for at 
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least one p E tt. 

We say that IF satisfies the ir-boundary condition if J' satisfies the 7r-boundary condition in the 
class of all groups. 

If is a non-empty formation with it {3^) = 0, then 9^ = (1), and therefore for any group G we 
have Zy{G) = 1 = Intgr(G). In the other limited case, when 9^ = S is the class of all groups, we have 
= G = lniy{G). Similarly, if 3^ = S, then %(G) = G = Inty(G) for every soluble group G. 

For the general case, we shall prove the following. 

Theorem A. Let 3^ he a hereditary saturated formation with (1) 7^ 3" / S. Let tt C 7r(5'). Then 
the equahty 

Z,j{G) = Int^iG) 

holds for each group G if and only if K C 3" = Stt'S" and 3" satisfies the n-boundary condition. 

Note that N{p) = Sp, where N is the canonical local satellite of 3Sf. Hence every A^(p)-critical 
group has prime order. Therefore satisfies the boundary condition and so the above-mentioned 
Baer's result is a first corollary of Theorem A. 

Theorem B. Let 3 be a hereditary saturated formation of soluble groups with (1) / 3" 7^ S. Let 
TT C 7r(?'). Then the equality 

ZMG) = Int^iG) 

holds for each soluble group G if and only if N C 3" = Sjr'S" and 3" satis&es the boundary condition 
in the class of all soluble groups. 

If for some classes 3" and M of groups we have 3" C M, then every 3'-maximal subgroup of a group 
is contained in some its M-maximal subgroup. Nevertheless, the following example shows that in 
general, Int3r(G) ^ Int3vc(G)- 

Example 1.2. Let 3^ = U and M be the class of all p-supersoluble groups, where p > 2. Let 
g be a prime dividing p — 1 and G = P x {Q x G), where C is a group of order p, Q is & simple 
FgG-module which is faithful for C and P is a simple FpG-module which is faithful for QxC. Then, 
clearly, P = Int3r(G) and IntM(G) = 1- 

This example is a motivation for the following our result. 

Theorem C. Let 3^ C M = LF{M) be hereditary saturated formations with tt C Tr{!3), where 
M is the canonical local satellites of M. 

(a) Suppose that ]Sf C M = Stt'^VI and 3^ satisRes the ir-boundary condition in M. Then the 
inclusion 

Inty{G) < Inty^iG) 

holds for each group G. 

(b) If every (soluble) M{p)-critical group 
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belongs to 3" for every p € ir, then 3sf C M and 

Int^{G) < Z^m{G) 

for every (soluble) group G. 

Recall that a subgroup H oi a, group G is said to be 3^ -subnormal (in the sense of Kegel [H]) or 
K -J -subnormal in G (see p. 236 in |2]) if either H = G or there exists a chain of subgroups 

H = HQ<Hi<...<Ht = G 

such that either -fTj-i is normal in Hi or Hi/ [Hi^ijUi G 3" for all i = 1, . . . , t. 

For any group G, we write Intj(G) to denote the intersection of all non-ii'-9"-subnormal 3"- 
maximal subgroups of G. The following theorem shows that for any hereditary saturated formation 
3" with N C 3", the intersection of all non-i(r-3'-subnormal 3"-maximal subgroups of a group G 
coincides with Int3-(G). 

Theorem D. Let J be a hereditary saturated formation containing all nilpotent groups. Then 
the equality 

Int*^{G) = IntsiG) 

holds for each group G. 

We prove Theorems A, B, C and D in Section 3. In Section 4 we give some examples and discuss 
applications of these theorems. 

All unexplained notation and terminology are standard. The reader is referred to [4], [2] and [6] 
if necessary. 

2 Preliminaries 

In view of Proposition 3.16 in [4, IV], we have 

Lemma 2.1. Let 3" = LF(F) be a hereditary saturated formation, where F is the canonical 
local satellite of 3". Then for any prime p, the formation F{p) is hereditary. 

We shall need in our proofs a few facts about the 7r3"-hypercentre. 

Lemma 2.2. Let 3" = LF{F) be a saturated formation, where F is the canonical local satellite 
of 3". Let IT C 7r(3') and a = 7r(3")\7r. Let N and T be normal subgroups of G, and A < G. 

(1) A chief factor H/K of G is "J-central if and only if G/Cg{H/K) € F{p) for all primes p 
dividing \H/K\. 

(2) Every G-chief factor of Z.,^j{G) of order divisible by at least one prime in vr is 3'-central. 

(3) ZMG)N/N < Z^G/N). 

(4) ZMA)N/N < ZM^N/N). 
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(5) If 3" is (normally) hereditary and H is a (normal) subgroup of G, then Ztj'j{H) D E < 

(6) If g,, J = 3" and G/Z^j{G) G 3", then G G 3". 

(7) Suppose that 3" is (normally) hereditary and let H be a (normal) subgroup of G. If So-3" = 3" 
and H eS", then Z^j{G)H G 3". 

Proof. (1) This assertion is well-known (see for example Theorem 17.14 in [?] or Theorem 3.1.6 
in [6]). Assertions (2) and (6) are evident. 

(3) Let H/K be a chief factor of G such that N < K < H < NZ^y{G) and \H/K\ is divisible by 
at least one prime in vr. Then H/K is G-isomorphic to the chief factor H n Zt^^{G)/K Pi Z^g^(G) of 
G. Therefore H/K is J-central in G by (1) and (2). Consequently, Z^s{G)N/N < Z^j{G/N). 

(4) Ijet f : A/Ar\N ^ AN/N be the canonical isomorphism from A/Ar\N onto AN/N. Then 
fiZM^/A n A^)) = ZM^N/N) and 

f{ZMA)iA n N)/{A n N)) = ZMA)N/N. 

By (3) we have 

ZMMA n N)/{A nN)< z^^{A/A n iv). 

Hence Z^3r{A)N/N < Z^:r{AN/N). 

(5) First suppose that 3" is hereditary. Let 

l = Zo<Zi<...<Zt = Z^j(G) 
be a chief series of G below Z^j{G) and Gj = CciZi/Zi^i). Let g be a prime divisor of 

\Zi n n i^l = n 

Suppose that q divides \Zi n H/Zi^i n Then g divide so G/Gj G by (1). Hence 

H/HnCi ~ CiH/Ci G But ifnG^ < CniZinH/Zi^inH). Hence H/CniZinH/Zi^inH) G 

for ah primes g dividing \Zi D H/Zi^i n H\. Thus Z^j(G) n i/ < Z^3-(i/) by (1) and (2). But 

then 

z^y{H) nE = ZMH) n{HnE)< z^H n E). 

Similarly, one may prove the second assertion of (5). 
(7) Since G 3" we have 

HZMG)/ZMG) ~ H/H n ZMG) G 

and 

ZMG) < ZMZMG)H) 

by (5). Hence HZ^^(G) G by (6). 
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The lemma is proved. 

The following lemma is evident (Note only that Statement (i) directly follows from [H Theorem 
A.9.2(c), p. 30]. 

Lemma 2.3. Let 3' be a hereditary saturated formation. Let N < U < G, where N is a normal 
subgroup of G. 

(i) If G /N G 3" and V is a minimal supplement of N in G, then y G 3". 

(ii) If U /N is an J-maximal subgroup of G/N, then U = UqN for some H-maximal subgroup Uq 
ofG. 

(iii) If V is an "J-maximal subgroup of U, then V = H DU for some 3'-maximal subgroup H of 

G. 

The proofs of our theorems are based on the following general facts on the subgroup Int3-(G). 

Lemma 2.4. Let 3" be a hereditary saturated formation, vr C -7r(3~) and a = 7r(3")\7r. Let H, E 
be subgroups of G, N a normal subgroup of G and I = Int3-(G). Then: 

(a) lntj{H)N/N < lnt:y{HN/N). 

(b) Int^iH) HE < Intj(F n E). 

(c) IfH/H n / € 3^, then G 3". 

(d) IfHeS", then IH G 3". 

(e) IfN < I, then I/N = lntj{G/N). 

(f) Inty(G//) = 1. 

(g) Ifg.:r = 3-, thenZMG)<I. 

Proof. Assertions (a)-(f) are proved in |T2j . Now we prove (g). Let H he a subgroup of G 
such that G 3". Then HZ^^{G)/Z^^{G) ~ H/H n Z^^{G) G 3" and Z^j(G) < Z^^{HZ^^{G)) by 
Lemma 2.2(5). It follows from Lemma 2.2(5) that HZ^y{G) G 3". Thus Z^y{G) < I. 

The following lemma is a corollary of general results on /-hypercentral action (see ^4^ Chapter 
IV, Section 6]). For reader's convenience, we give a direct proof. 

Lemma 2.5. Let 3" = LF{F) be a saturated formation, where F is the canonical local satellite 
of J. Let Ebea normal p-subgroup ofG. If E < Zy{G), then G/Gg{E) G F{p). 

Proof. Let I = Eq < Ei < . . . < Et = E he a chief series of G below E. Let Q = CciEi/Ei^i) 
and C = Ci n . . . n Ct. Then Cg{E) < C and so C/Cg{E) is a p-group by Corollary 3.3 in 
[3 Chapter 5]. On the other hand, by Lemma 2.2(1), G/Gi G F{p), so G/C G F{p). Hence 
G/Gg{E) G F{p) = '5pF{p). The lemma is proved. 

Lemma 2.6. Let 3" = LF{F) and M be saturated formations with p G vr(3") and 3" C M, where 
F is the canonical local satellite of 3". Suppose that G is a group of minimal order in the set of all 
F[p)-critical groups G G M with G ^ J . Then Op{G) = 1 = ^{G) and G'^ is the unique minimal 
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normal subgroup of G. 

Proof. Let be a minimal normal subgroup of G. First we show that G/N € 3"n M. Indeed, 
since G G M and M is a formation, G/N E M. Suppose that G/N ^ J. Then G/N ^ F{p) since 
F{p) Q 3'. On the other hand, for any maximal subgroup M/N of G/N we have M/N G F{p) since 
F{p) is a formation and G is an F(p)-critical group. Thus G/N is an F(p)-critical group in with 
G/N ^ M \ 3", which contradicts the minimality of G. Hence G/N G 3". Since 3" is a saturated 
formation, N = G'^ is a unique minimal normal subgroup of G and = 1. Suppose that 

N < Op{G) and let M be a maximal subgroup of G such that G = NM. Then G/N ~ M/N n M G 
-^(p) = SpF{p), so G < F{p) C 3". This contradiction shows that Op{G) = 1. The lemma is proved. 

Lemma 2.7. Let 3" be a formation, H and E he subgroups of a group G, where H is K-'J- 
subnormal in G. Then: 

(i) H n E is K -^'-subnormal in E (see Theorem 6.1.7 in \2\). 

(ii) If E is normal in G, then HE/E is K -3'-subnormal in G/E (see Theorem 6.1.6 in |2]). 

Lemma 2.8. Let 3" be a hereditary saturated formation. Let N < U < G, where N is a normal 
subgroup of G. 

(i) If U/N is a non-K-3^-subnormal 3'-maximal subgroup of G/N, then U = UqN for some 
non-K -^'-subnormal "J-maximal subgroup Uq of G. 

(ii) If V is a non-K -3^ -subnormal "J -maximal subgroup of U , then V = H nU for some non-K- 
3^-subnormal 3'-maximal subgroup H of G. 

Proof, (i) By Lemma 2.3 (ii), there is an 3'-maximal subgroup Uq of G such that U = UqN. 
Since U/N is non-X-3'-subnormal in G/N, Uq is not X-3'-subnormal in G by Lemma 2.7(ii). 

(ii) By Lemma 2.3(iii), for some 3'-maximal subgroup H of G we have V = H nU. Since 1^ is a 
non-/C-3"-subnormal in U, H is not i^-3"-subnormal in G by Lemma 2.7(i). 

Lemma 2.9. Let 3" = LF{F) be a non-empty saturated formation, where F is the canonical 
local satellite of 3". 

(1) If "J = 9p3' for some prime p, then F{p) = 1. 

(2) If 3' = y^Ji for some non-empty formation Ji, then F(p) = Sp'^ for all primes p. 

Proof. (1) Since F{p) C 3", we need only prove that 3" C F{p). Suppose that this is false and 
let ^ be a group of minimal order in 3\F{p). Then ^^(p) is a unique minimal normal subgroup 
of A since F{p) is a formation. Moreover, Op{A) = 1 since F{p) = ^pF{p). Let G = Gp I A = K >i 
where K is the base group of the regular wreath G. Then K = Opi^p{G) and G G 3" = 9p3"- Hence 
A ~ G/P = G/Op'^p{G) G F{p), a contradiction. Thus F{p) = J. 

(2) The inclusion F{p) C Qp'K is evident. The inverse inclusion can be proved similarly as the 
inclusion 3" C F{p) in the proof of (1). 

We will also use in our proofs the following well-known elementary fact (see for example, [?, 
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Lemma 18.8] or [G] Lemma 3.5.13]). 

Lemma 2.10. If Op{G) = 1 and G has a unique minimal normal subgroup, then there exists a 
simple ¥pG-module which is faithful for G. 

3 Proofs of the Theorems 

Proof of Theorem C. (a) Suppose that this assertion is false and let G be a counterexample of 
minimal order. Let / = Intg-(G) and Ii = Intjy[{G). Then 1 < I < G and Ii ^ G. Let L be a 
minimal normal subgroup of G contained in / and G = Gg{L). Then tt{L) C 7r(3"). 

(1) IN/N < Int3-(G/iV) < IntM(G/iV) for any non-identity normal subgroup N ofG. 

Indeed, by Lemma 2.4(a), we have IN/N < lntj{G/N). On the other hand, by the choice of G, 
Int5(G/iV) < IntM(G/iV). 

(2) L ^ Ii; in particular, the order of L is divisible by some prime p € vr. 

Suppose that L < h. Then h/L = IniuiG/L) by Lemma 2.4(e). But by (1), IL/L = I/L < 
lntjr[G / L) < Intj^{G/L). Hence I/L < Ii/L an so / < /i, a contradiction. Thus L ^ Ii. This 
means that there exists and M-maximal subgroup M of G such that L ^ M. Suppose that L is a 
vr'-group. Then LM G Stt'^ = which contradicts the maximality of M. Hence the order of L is 
divisible by some prime p (z n. 

(3) IfL<M<G, then L < IntM(M). 

By Lemma 2.4(b), L < I Ci M < Litg-(M). But since \M\ < \G\, Int3-(M) < IntM(M) by the 
choice of G. Hence L < Int]v[(M). 

(4) G = LU for any M-maximai subgroup U of G not containing L. In particular, G/L S M. 

Indeed, suppose that LU ^ G. Then by (3), L < Intj^iLU), which implies that LU € M by 
Lemma 2.4(c). This contradicts the M-maximality of U. Hence we have (4). 

(5) Gg{L) DU = Ug = 1 for any JA-maximal subgroup U of G not containing L. 

Since GGiL) is normal in G and G = LU hy (4), Ug = Gg{L) D U. Assume that f/c / 1- Let 
U/Ug < W/Ug, where W/Ug is an M-maximal subgroup of G/Ug- Then by (1), LUg/Ug < W/Ug- 
Hence G = LU < W hy (4), which means that G/Ug = W/Ug G M. But by (4), G/L G M. 
Therefore G ~ G/L D Ug € M, and consequently I = G, a contradiction. Hence (5) holds. 

The final contradiction for (a). 

Since L ^ Ii hy (2), there is an M-maximal subgroup M of G such that L ^ M. But then 
G = LM by (4). Since L < / and G 3", M 3" by Lemma 2.4(d). Let H be an 3"-critical 
subgroup of M, V a maximal subgroup of H. We show that V G F{p)- By Lemma 2.4(d), D = 
LV G 3". Hence D / Op/ p{D) G F{p)- First assume that L is a non-abelian group. Then, since p 
divides |L|, Op^,p{D) n L = 1. Hence Op',p{D) < GGiL) and Op^,p{D) n F = 1 by (5). Since 3" 
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is hereditary, F{p) is hereditary by Lemma 2.1. Therefore Opi^p{D)V/Op'^p{D) c± F G F{p). Now 
assume that L is an abehan p-group. Then L < Op'^p{D) and Op'^p{D) = L{Op'^p{D) fl V). Hence 
Opr{D) < MnCaiL) = 1. It follows that Op>^p{D) = Op{D). Therefore D/Op{D) e F{p) = %F{p), 
which implies that D G F{p) and so y E F{p). Therefore H is an F(p)-critical group. Since M is 
hereditary and M £ M, H £ M. But then H £ 3^ since 3" satisfies the 7r-boundary condition in M 
by hypothesis. This contradiction completes the proof of (a). 

(b) Suppose that every M (p)-critical group G belongs to 3" for every p £ it. First we show that 
X C M. Assume that this is false and let Cg be a group of prime order q with Cq M. Let p £ tt. 
Then Cq is M(p)-critical and so Cg G 3" C M by the hypothesis. This contradiction shows that 

Now we show that Int3-(G) < Z^^jyilG) for every group G. Suppose that this assertion is false and 
let G be a counterexample of minimal order. Let / = Int3-(G) and Z = Z^j^(G). Then 1 < / < G 
and Z ^ G. Let N he a minimal normal subgroup of G and L a minimal normal subgroup of G 
contained in I. Then 7r(L) < 7r(5'). We proceed via the following steps. 

(1) IN/N < lnt^{G/N) < Z^G/N). 

Indeed, by Lemma 2.4(a), we have IN/N < lnt3r(^G/N). On the other hand, by the choice of G, 
lnts{G/N) < Z^m{G/N). 

(2) L ^ Z; in particular, the order of L is divisible hy some prime p £ n. 

Suppose that L < Z. Then, clearly, Z/L = Zt^j^{G/L), and I/L = Int5-(G/L) by Lemma 2.4(e). 
But by (1), Int3-(G/L) < Z^j^{G/L). Hence I/L < Z/L. Consequently, I < Z, a contradiction. 

(3) IfL<M< G, then L < Zm{M). 

By Lemma 2.4(b), L < IDM < Int3-(M). But since \M\ < |G|, we have that Intj-(M) < Z^m{M) 
by the choice of G. Hence L < Z^^j^^M) and so L < Zj^(M) since the order of L is divisible by some 
prime p G vr by (2). 

{A) L = N is the unique minimal normal subgroup of G. 

Suppose that L ^ N. Then by (1), NL/N < Z-;^j^{G/N). Hence from the G-isomorphism 
NL/N ~ L we obtain L < Z, which contradicts (2). 

(5) L i $(G). 

Suppose that L < $(G). Then L is a p-group by (2). Let C = Gg{L) and M be any maximal 
subgroup of G. Then L< M. Hence L < Zj^{M) by (3), so M/Mr\C £ M{p) by Lemmas 2.1(1) and 
Lemma 2.5. If G ^ M, then G/G = CM/C ~ M/M n G G M{p). This implies that L < Z, which 
contradicts (2). Hence C < M for all maximal subgroups M of G. It follows that G is nilpotcnt. 
Then in view of (4), G is a p-group since G is normal in G. Hence for every maximal subgroup M 
of G we have M £ %M{p) = M{p). But since M{p) C M, G ^ M{p) (otherwise G G M and so 
G = Z). This shows that G is an M(p)-critical group. Therefore G G J' by the hypothesis. But since 
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3" C M, we have G € M and so G = Z, a contradiction. Thus (5) holds. 

(6) C = Cg{L) < L (This fohows from (4), (5) and Theorem 15.6 in ^ Chapter A]). 

(7) IfL<M< G, then M G M{p). 

First by (3), L < Zm{M). If L = C, then M/L = M/M n C E M{p) by Lemma 2.5, which 
imphes that M G ^pM{p) = M{p) since L is a p-group by (2). Now suppose that L is a non-abehan 
group. Let 1 = Lq < Li < . . . < Ln = L he a chief series of M below L. Let Cj = Cm^Li/ Li^i) 
and Co = Ci n . . . n C„. Since L < Zm(M), M/Q G M{p) for ah i = 1, . . . ,n. It follows that 
M/Cq G M{p). Since C = 1 by (4) and (6), for any minimal normal subgroup ii of M we have 
R < L. Suppose that Gq ^ 1 and let i? be a minimal normal subgroup of M contained in Gq. Then 
R< L and R< Gm{H/K) for each chief factor H/K of M. Thus R < F{M) is abehan and hence 
L is abelian. This contradiction shows that Gq = 1. Consequently, M G M{p). 

(8) There exists a subgroup U of G such that U & 3' and LU = G. 

Indeed, suppose that every maximal subgroup of G not containing L belongs to M{p). Then by 
(7), G is an M(p)-critical group. Hence G G 3" by the hypothesis. But then I = G, a contradiction. 
Hence there exists a maximal subgroup M of G such that G = LM and AI M{p). Take an 
M(p)-critical subgroup U of M. Then in view of (7), LU = G and C/ G 3" by the hypothesis. 

(9) The Enal contradiction for (b). 

Since L < / and G/L = UL/L ~ U/U n L G J by (8), it follows from Lemma 2.4(c) that G G 3" 
and so G = I. The final contradiction shows that Intj(G) < Zt^ja{G) for every group G. The second 
assertion of (b) can be proved similarly. The theorem is proved. 

Proofs of Theorems A and B. Since Zy{G) < Int-j{G) by Lemma 2.4(g), the sufficiency is 
a special case, when 3" = M, of Theorem C (b). Now suppose that the equality Z^j(G) = Inty(G) 
holds for each (soluble) group G. 

First we show that Tsf C 3". Let F be the canonical local satellite of 3". Suppose that for some 
group Gq of prime order q we have Gq ^ 3". Let p G vr and G = PGq, where P is a simple Fp^- module 
P which is faithful for Gq. Then P = Inty(G) and Zj-^G) = 1 since F(p) C 3". This contradiction 
shows that [Nf C 3". 

Now we show that Stt'S" = 3' {§^'3' = 3", respectively). The inclusion 3^ C S^/3^ is evident. 
Suppose that Stt'S" 2 3" (§^'3" 2 3") and let G be a group of minimal order in Stt'S" \ 3" (in S7r'3"\ 3", 
respectively). Then G'^ is the unique minimal normal subgroup of G and G"^ is a vr'-group. Hence 

G^ < ZMG) = Intj(G). 

It follows from Lemma 2.4(c) that G G 3". This contradiction shows that 9n'-^ = 3" (S7r'3' = 3", 
respectively) . 

Finally, we show that 3" satisfies the vr-boundary condition (the vr-boundary condition in the class 
§, respectively). Suppose that this is false. Then for some p £ n, the set of all (soluble) F(p)-critical 
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groups A with A 3" is non-empty. Let us choose in this set a group A with minimal |^|. Then 
by Lemma 2.6, A'^ is the unique minimal normal subgroup of G and Op{A) = 1 = ^{A). Hence by 
Lemma 2.10, there exists a simple Fp^-module P which is faithful for A. Let G = P ><i A and M be 
any maximal subgroup of G. If P ^ M, then M ~ G/P ~ ^4 3". On the other hand, if P < M, 
then M = MDPA = P{MnA), where Mn^ is a maximal subgroup of A. Hence MCiA € F{p) and 
so M G SpF(p) = F{p) C 3". Therefore P is contained in the intersection of all 3~-maximal subgroups 
of G. Then P < Z^:f{G) by our assumption on 3". It follows that A ~ G/P = G/Cg{P) € F{p) C 3" 
by Lemmas 2.2(1) and Lemma 2.5. But this contradicts the choice of A. Therefore 3" satisfies the 
vr-boundary condition (3" satisfies the vr-boundary condition in the class S). The theorems are proved. 

In view of Theorems A, B and C we have 

Corollary 3.1. Let 3" be a hereditary saturated formation with (1) 7^ 3~ 7^ 9- Tiier; the equahty 
Jiit3-(G) = Zj-{G) holds for each group G if and only ifN C 3" and 3" satishes the boundary condition. 

Corollary 3.2. Let 3" be a hereditary saturated formation of soluble groups with (1) 7^ 3" 7^ S. 
Tlien the equality Jiit3-(G) = Zy{G) holds for each soluble group G if and only ifN C 3", 3" satisfies 
the boundary condition in the class S. 

Note that Corollary 3.2 also follows directly from [3, Main Theorem]. 

Proof of Theorem D. We will prove the theorem by induction on |G|. If G G 3", then 

Int^(G) = G = Intj(G). 

We may, therefore, assume that G ^ 3'. Let / = lnty{G), I* = lnt'^{G) and a minimal normal 
subgroup of G. Then I < I*. Hence we may assume that I* 7^ 1. 

(1) PN/N < Int*j{G/N). 

If U /N is a non-Ar-3'-subnormal 3~-maximal subgroup of G/N, then for some non-ir-3~-subnormal 
3"-maximal subgroup Uq of G we have U = UqN by Lemma 2.8(i). Let 

IntJ(G/A) = Ui/N n . . . n Ut/N, 

where Ui/N is a non-i^'-3"-subnormal 3"-maximal subgroup of G/N for alH = 1, . . . ,t. Let be a 
non-Ar-3"-subnormal 3"-maximal subgroup of G such that Ui = ViN. Then /* < Vi n . . . n Vt- Hence 

PN/N < lnt*r^{G/N). 

(2) IfN< r, then Int*y{G/N) = P/N. 

By Lemma 2.8(i), it is enough to prove that if [/ is a non-i^r-3'-subnormal 3'-maximal subgroup 
of G, then U/N is a non-i^'-3"-subnormal 3"-maximal subgroup of G/N. Let U/N < X/N, where 
X/N is a non-Ar-3"-subnormal 3"-maximal subgroup of G/N. By Lemma 2.8(i), X = UqN for some 
non-Ar-3'-subnormal 3"-maximal subgroup Uq of G. But since N <Uq, U/N < Uq/N and so U = Uq. 
Thus U/N = X/N. 

(3) IfPnH< Int*j{H) for any subgroup H ofG. 
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Let V be an arbitrary non-i^-?'-subnorinal 9^-maximal subgroup of H. Then V = H Ci U for 
some non-if-?'-subnormal ^'-maximal subgroup U of G by Lemma 2.8(ii). Thus there are non-K-J^- 
subnormal 9^-maximal subgroups Ui,...,Ut of G such that 

int^(i?) = Uir\...nUtr\H. 

This induces that I* D H < Int;r(ii"). 

(4) If E = RV for some normal subgroup R of G contained in I* and K-3^-subnormal subgroup 
V then Ee^. 

First note that by (3), R < Int^(£^). On the other hand, by Lemma 2.7(i), F is a K-3^-subnormal 
subgroup of E. Hence we need only consider the case when G = E. Assume that G ^ 3^. Then 
D ^ 1. Let R be any minimal normal subgroup of G. Then {DR/R){VR/R) = G/R, where 
DR/R < lnt*jr{G/R) by (2), and VR/R ~ V/V nRe3'. On the other hand, by induction we have 
Intj(G/i?) = Int3-(G/i?), so G/R € 3" by Lemma 2.4 (d). This implies that R is the only minimal 
normal subgroup of G and so R = G^ < Int^(G). Let W he a minimal supplement of R in G. 
Then 1^ G 3~ by Lemma 2.3(i). Let W < E, where E is an 9^-maximal subgroup of G. If E is not 
iT-ff'-subnormal in G, then R < E. Thus G = RW = RE = E e 3^, a contradiction. This shows that 
E is K-S^-subnormal in G. But then there is a proper subgroup X of G such that E < X and either 
X is normal in G or = G^ < X. In both of this cases, we have that G = RV = RX = X < G, a 
contradiction. Hence we have (4). 

Conclusion. 

Let i? be a minimal normal subgroup of G contained in J*. If i? < /, then I/R = Intgr(G/i?) by 
Lemma 2.3(e), and r/R = Int*^{G/R) by (2). Therefore by induction, Int*3r{G/R) = Intgr(G/i2). It 
follows that 1 = 1*. 

Finally, suppose that R I. Then R ^ U for some ff'-maximal subgroup U of G. It is clear 
that [/ is a iC-?'-subnormal subgroup of G and hence E E 3 by {4). But then E = U, which implies 
R <U, a contradiction. The theorem is proved. 

4 Applications and Remarks 

Applications of Theorems A, B and D. We say that 3" satisfies the p-boundary condition if 3 
satisfies the {p}-boundary condition in the class of all groups. 

Lemma 4.1. Let 3" = LF{F), where F the canonical local satellite of 3". Suppose that for some 
prime p we have F{p) = 3". Then 3" does not satisfy the p-boundary condition. 

Proof. Indeed, in this case every J'-critical group is also F(p)-critical. 

A group G is called 7r-closed if G has a normal Hall 7r-subgroup. 

Proposition 4.2. The formation 3 of all ir-closed groups satisfies the -k' -boundary condition, 
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but 3" does not satisfy the p-houndary condition for any p € vr. 

Proof. Let 3" = SttStt' be the formation of all vr-closed groups, F the canonical local satellite 
of 3". Then F(p) = 3" for all p G vr, and F{p) = 97r' for all primes p G vr' by Theorem 3.1.20 in [6]. 
Hence 3" satisfies the vr'-boundary condition and does not satisfy the p-boundary condition for any 
p G vr by Lemma 4.1. 

Lemma 4.3. Let {3"j | i G /} be any set of non-empty saturated formations and 3" = njg/3"j. 

(1) If for each i G I, 3'i satisfies the p-boundary condition, then 3" satisfies the p-boundary 
condition. 

(2) Suppose that I = {1, 2}, F^ is the canonical local satellite of 3"j and that there is a set ir of 
primes satisfying the following conditions: 

(a) 3"i satisfies the n-boundary condition, and for any p G n, we have Fi{p) C 3"2 = F2{p) and 
every Fi{p) -critical group belongs to 3"2 . 

(b) 3"2 satisfies the t:' -boundary condition, and for any p G tt', we have F2{p) C 3"i = Fi{p) and 
every F2{p)-critical group belongs to 3"i . 

Then 3" satisfies the boundary condition. 

Proof. (1) Let Fi be the canonical local satellite of 3"i and F the canonical local satellite of 
J. If f{p) = ni(ziFi{p), then F{p) = %f{p) by Theorem 3.3 in [lOl Chapter 1]. Now let G be any 
F(p)-critical group, i G L Since F{p) C Fi{p), all maximal subgroup of G belongs to Fi{p). Hence 
G since Fi{p) C 3"j and 3"^ satisfies the p-boundary condition. This implies that G G 3" and 
therefore 3" satisfies the p-boundary condition. 

(2) In this case, F{p) = Fi{p) for all p G vr and F{p) = F2{p) for all p G vr', where F is the 
canonical local satellite of 3". Hence if p G vr and G is an F(p)-critical groups, then G G 3" by 
hypothesis (a). This shows that 3" satisfies the vr-boundary condition. Similarly we see that 3" 
satisfies the vr'-boundary condition. 

A group G is called p-decomposable if there exists a subgroup H of G such that G = P x H for 
some (and hence the unique) Sylow p-subgroup P of G. 

Corollary 4.4. The formation of all p-decomposable groups satisfies the boundary condition. 

Proof. Let 3" be the formation of all p-decomposable groups. Then 3" = 9p'Sp H 9p9p'- Hence 
the assertion follows from Proposition 4.2 and Lemma 4.3(2). 

From Corollary 4.4 and Theorem A we get 

Corollary 4.5. Let D be the intersection of all maximal p-decomposable subgroups of G. Then 
D is the largest normal subgroup of G satisfying D = Opi{D) x Op{D), and G induces the trivial 
automorphisms group on every chief factor of G below Op{D) and a n' -group of automorphisms on 
every chief factor of G below Op'{D). 

Since a p-nilpotent group is p'-closed, the following result directly follows from Proposition 4.2. 
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Corollary 4.6. The formation of all p-nilpotent groups satisfies the p-boundary condition. 
From Corollary 4.6 and Theorem A, we have 

Corollary 4.7. Let D be the intersection of all maximal p-nilpotent subgroups of a group 
G. Then D is the largest normal subgroup of G satisfying Op'{D) = Op'{G), and D/Opi{G) < 
Z^{G/Op.{G)). 

Note that another proof of Corollary 4.7 was obtained in the paper [3]. 

Remark 4.8. If vr 7^ {2}, then the formation 3" of all vr-supersoluble groups does not satisfy the 
TT-boundary condition. Indeed, let F be the canonical local satellite of 3". Then F[p) = JipA{p — 1), 
where A{p — 1) is the formation of all abelian groups of exponent dividing p — 1 [4, p. 358], for all 
p €z IT and F{p) = 3" for all primes q ^ tt (see Example 3.4(e) and Theorem 4.8 in [4, Chapter IV]). 
Let 2 7^ p G TT and q any prime with q divides p — 1. Let G = Q x C, where C is a group of order p 
and Q is an F^C-module which is faithful for C. Then G is a non-supersoluble F(p)-critical groups. 

Proposition 4.9. Let J = 

(i) If L is a hereditary saturated formation satisfying the boundary condition in the class of all 
soluble groups, then 3" satisfies the boundary condition in the class of all soluble groups. 

(ii) If L is a formation of nilpotent groups with it{L) = P, then 3" satisfies the boundary condition. 

Proof. Let F be the canonical local satellite of 3". Then by Lemma 2.9(2), F{p) = ^pL for all 
primes p. Assume that 3" does not satisfy the boundary condition (3" does not satisfy the boundary 
condition in the class of all soluble groups). Then for some prime p, the set of all F(p)-critical 
(soluble) groups A with A ^ 3' is non-empty. Let G be a group of minimal order in this set. Then 
L = is the unique minimal normal subgroup of G and Op{G) = 1 = ^(G) by Lemma 2.6. First 
suppose that G is soluble. Then L = Gg{L) is a g-group for some prime q p and G = L xi M for 
some maximal subgroup M of G with Oq{M) = 1 by [H Chapter A, Theorem 15.6]. Let Mi be any 
maximal subgroup of M. Then LM\ G F(p), so LMi € ?C since L = Cg{L). 

(i) Let L be the canonical local satellite of L . Since LMi G L , 

LMi/Oq>^g{LMi) = LMi/Og{LMi) = LMi/LOq{Mi) ~ Mi/A/i n LOg{Mi G L{q) = %L{q). 

Hence every maximal subgroup of M belongs to L{q). Since L satisfies the boundary condition in 
the class of all soluble groups, it follows that G G 3^. This contradiction completes the poof of (i). 

(ii) We may suppose that Mi is a normal maximal subgroup of M. Then LMi G F{p), so 
LMi G ^ since L = Cg{L). This implies that Mi = 1. Consequently |M| is prime, so M G £ since 
7r(£) = P. But then G G 3" = JiL. Therefore G is not soluble. Let q ^ phe any prime divisor of |G|. 
Suppose that G is not (7-nilpotent. Then G has a g-closed !N-critical subgroup = Q x i? by [7, IV, 
Theorem 5.4], where Q is a Sylow g-subgroup of H, R is a cyclic Sylow r-subgroup of H. Since G is 
not soluble, H ^ G. Hence H < M ^ F{p) for some maximal subgroup M of G. Since M G 9p'^, 
M"^ < Op{M) and hence < Q H Op{H) = 1. Therefore H is nilpotent. This contradiction shows 
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that G is g-nilpotent for all primes q ^ P- This induces that G is a Sylow p-subgroup of G and 
thereby G is soluble. This contradiction completes the poof of (ii). 

Remark 4.10. The condition "£ is a hereditary saturated formation satisfying the boundary 
condition in the class of all soluble groups" can not be omitted in the Statement (ii). Indeed, let 
3' = MI and G = P xi A4, where P is a simple F3j44-module P which is faithful for A4. Let F be the 
canonical local satellite of 3". Then F[2) = 3'2'li- by Lemma 2.9 (2). Therefore G is an F(2)-critical 
group and G 3~. Thus G does not satisfy the boundary condition in the class of all soluble groups. 

Corollary 4.11. Let 3" he the class of all groups with G' < F{G). Then 9" satisfies the boundary 
condition. 

From Corollary 4.11 and Theorem A, we obtain 

Corollary 4.12. Let D be the intersection of all maximal subgroups H of G with the property 
H' < F{H). Then D is the largest normal subgroup of G such that D' < F[D) and G induces an 
abelian group of automorphisms on every chief factor of G below D. 

Note that Corollary 4.12 can be also found in [3, Corollary 7 and Remark 4]. 

Following [H Chapter Vll, Definitions 6.9] we write 1{G) to denote the nilpotent length of the 
group G. Recall that M is the product of r copies of 1^ is the class of groups of order 1 by 
definition. It is well known that X'' is the class of all soluble groups G with /(G) < r. It is also known 
that JNf is a hereditary saturated formation (see, for example, [H p. 358]). Hence from Proposition 
4.9 we get. 

Corollary 4.13. Let 3" = WL (r gN), where L is a subformation of the formation of all abelian 
groups with it{L) = P. Then 3" satisfies the boundary condition in the class of all soluble groups. 

From Proposition 4.9 and Theorem A we get 

Corollary 4.14. Let D he the intersection of all maximal metanilpotent subgroups of a group G. 
Then D is the largest normal subgroup of G satisfying D is metanilpotent and G induces a nilpotent 
group of automorphisms on every chief factor of G below D. 

It is clear that every subnormal subgroup is a i^-3"-subnormal subgroup as well. On the other 
hand, in the case, where ^ C 3", every i^'-3"-subnormal subgroup of any soluble subgroup G is 
3"-subnormal in G. Hence from Theorems D and the above corollaries we get 

Corollary 4.15. Let 3~ be the class of all groups G with G' < F{G). 

(i) The subgroup Z^{G) may be characterized as the intersection of all non-subnormal 3^-maximal 
subgroups of G, for each group G. 

(ii) The subgroup Zy{G) may be characterized as the intersection of all non- S'-subnormal 3"- 
maximal subgroups of G, for each soluble group G. 

Corollary 4.16. Let 3" be one of the following formations: 

(1) the class of all nilpotent groups (Baer [1]); 
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(2) the class of all groups G with G' < F{G) (Skiba [l3]); 

(3) the class of all p-decomposable groups (Skiba [12J). 
Then for each group G, the equality Int3-(G) = Zj-[G) holds. 

Corollary 4.17 (Sidorov [9j). Let 3" be the class of all soluble groups G with 1{G) < r {r G N). 
Then for each soluble group G, the equality Zy{G) = Intgr(G') holds. 

An application of Theorem C (a). Let pi > p2 > • • • > Pr be the distinct primes dividing \G\, 
Pi a Sylow Pi-subgroup of G. Then G is said to satisfy the Sylow tower property if all subgroups Pi, 
P1P2, • • • , P1P2 ■ ■ ■ Pr-i are normal in G. Every supersoluble group satisfy the Sylow tower property. 

Proposition 4.18. Let 3" be the formation of all supersoluble groups and M be the formation 
of all groups satisfying the Sylow tower property. Then Intgr(G) < Intjy|;(G) for any group G. 

Proof. Let F be the canonical local satellite of 3". Then F{p) = 9pA{p — 1) for primes p (see 
Remark 4.8). Let G be any F(p)-critical group satisfying the Sylow tower property. We show that 
G G 3". Let q be the largest prime dividing |G|, P the Sylow g-subgroup of G. If G = P, then clearly 
G G 3~. Let P ^ G. Then every Sylow subgroup of G belongs to F{p). Hence q = p and if is a 
Hall p'-subgroup of G, then E G A{p — 1). But then G G F{p), a contradiction. Therefore G G 3". 
This shows that 3~ satisfies the boundary condition in M. Hence, in view of Theorem C(b) , we have 
Int5(G) < IntM(G). 

Remark 4.19. If 3" C M be hereditary saturated formations, then for every group G we have 
■^5'(G) < Zj^{G) and Zj{G) < Int3-(G) by Lemma 2.4(g). Therefore, if 3" satisfies the boundary 
condition, then Intj(G) < Int]v[(G) for every group G. But, by Remark 4.8, U does not necessarily 
satisfy the boundary condition. Hence we can not deduce Proposition 4.18 from Theorem A. 

Lemma 4.20. Let 3" = LF(F) be a saturated formations, where F is the canonical local satellites 
of 3". Let M = 3" n § and M the canonical local satellites of M. Then M{p) = F{p)n§ for all primes 
p. 

Proof. It is clear that M = LF{Fi), where Fi{p) = F{p) fi S for all primes p. On the other 
hand, for any p we have Fi{p) C M, and Fi{p) = 5pFi{p) since 

SpFi(p) = %{F{p) n S) c F{p) n S. 

Hence Fi = M is the canonical local satellite of M. 

Lemma 4.21. Let (1) 7^ 3" = LF{F) be a saturated formations and M = 3~n §. Let vr C 7r(3"). 
Then 3" satisfies the boundary condition in the class S of all soluble groups if and only if M satisfies 
the boundary condition in S. 

Proof. Let F and M be the canonical local satellite of the formation 3" and M, respectively. Let 
p ^ TT. Then M{p) = F{p) fi S by Lemma 4.20. Hence a soluble group G is F(p)-critical group if and 
only if G is M(p)-critical. On the other hand, the group G belongs to 3" if and only if G belongs to 
M. 
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In view of Lemmas 4.20 and 4.21, Theorem B may be proved in the following general form. 

Theorem 4.22. Let 3^ be a saturated formation such that M = JTl S is hereditary and (1) ^ 
M^§. Let IT C 7r(5'). Then the equahty 

Z^y{G) = IntjiG) 

holds for each soluble group G if and only if Jsf C = and 3^ satisfies the boundary condition 
in the class of all soluble groups. 
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